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Abstract 

We consider a nonlinear reaction-diffusion equation on the whole space R''. We prove the well- 
posedness of the corresponding Cauchy problem in a general functional setting, namely, when the 
initial datum is uniformly locally bounded in . Then we adapt the short trajectory method 
to establish the existence of the global attractor and, if d < 3, we find an upper bound of its 
Kolmogorov's e-entropy. 
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1 Introduction 

The asymptotic behavior of solutions to reaction-diffusion equations has been the object of a large 
number of investigations. In particular, the existence of global and exponential attractors and their 
fractal dimension have been carefully studied in the case of bounded domains (see, e.g., [T7| and 
references therein). However, unbounded domains are also rather interesting for applications. In this 
case, the dynamics can exhibit a more complex behavior characterized, for instance, by travelling 
waves connecting constant equilibria or by a continuum of space periodic equilibria (and much more, 
as shown in |24j ) . The lack of standard compact injections require new ideas and the choice of the 
topology becomes crucial in order not to exclude interesting invariant solutions. In the pioneering 
papers on the existence of global attractors [H H] weighted norms were introduced and used. Since 
then, many contributions have followed (see, e.g., [31 [SI [3 [TTJ [TBI ESI [13 [12] and references therein) 
making use of weighted or not phase spaces and under various assumptions on the reaction (and, 
possibly, convective) terms. However, as noticed in [4], the global attractor can be noncompact (but 
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just locally compact) and infinite dimensional. Actually, this is the more realistic case where the 
richness of the dynamics is preserved. However, it is still possible to give a quantitative estimate of 
the thickness of the global attractor by means of the so-called Kolmogorov's e-entropy. Estimates of 
this quantity were proven in [23j under quite general assumptions (see also |10| for a generalization 
which accounts for convection and [51] for a careful analysis of related spatially chaotic phenomena). 
Here we use a somewhat simplified weighted space setting along the lines of [13] to analyze a reaction- 
diffusion equation of the form 

dtu-diva{\/u) + f{u) + h{\/u)^g, in M"^ x (0, +00), (1.1) 

where a, /, h are suitable nonlinear functions and / has a polynomially controlled growth. More 
precisely, we introduce and solve an appropriate weighted weak formulation of the Cauchy problem 
for with g and the initial datum uniformly locally bounded in L^. Then, by adapting the short 
trajectory method (see [E]), we easily prove the existence of the global attractor in a L^^^-topology. 
Finally, using once more that approach, wc estimate its e-entropy from above. The main novelty with 
respect to the existing literature (and, in particular, to |23| ) is that we can essentially work in the 
usual "parabolic" functional setting. Thus we only need a handful of (relatively) simple estimates, 
regularity assumptions on a, /, h, g are very mild, and the phase-space includes bounded functions 
(and more). In addition, (reasonable) nonlinear diffusion terms along with typical reaction terms of 
the form f{u) = — ju, 7 > 0, can be handled easily. Possible extensions to systems are also pointed 
out. Further extensions will include delay effects (cf., e.g., [13] for bounded domains). 

The plan of this paper goes as follows. The next Section[5]is devoted to introduce the functional 
setup which is, of course, a bit more complicated than the one with bounded domains. The notion of 
Kolmogorov's e-cntropy adapted to our framework is also introduced. WcU-poscdness and regularity 
issues are analyzed in Section [31 The existence of the global attractor is proven in Section [D and an 
upper bound for its e-entropy is established in Section [5l 

2 Functional spaces 

There arc three classes of function spaces to be used in this paper. The standard Lcbesgue and 
Sobolev spaces together with their weighted variants are briefly recalled in Section [2T] These spaces 
are mainly used for formulating the existence theorem. 

Throughout the paper ci , C2 . . . denote universal constants whose meaning can change with 
the context, but which are independent on the data of the equation and also on the weight functions. 
We also occasionally simplify the notation by writing A B meaning that ciA < B < C2A. 

In Section \2.2\ wc introduce the so-called uniformly bounded spaces and provide some equiv- 
alent descriptions of their norms. These spaces are aimed at describing the dynamics associated with 
the equation, and formulating the main results. As wc mentioned in the Introduction, here wc mostly 
follow [331 mi J though in a slightly simplified setting (thanks to the fact that = R'' has no bound- 
ary). We remark that wc perform the analysis by taking = M'^ for simplicity; however, obvious 
technical adjustments would allow us to treat any suitably regular unbounded domain Vl. 

Finally, in Section 12.31 wc describe a class of spaces that can be thought of as a parabolic 
version of the uniformly bounded spaces. These spaces are the main technical novelty of the paper 
and are also the crucial tool for the application of the "method of trajectories" to the problem of the 
dimension of the attractor. 

2.1 Weighted Sobolev spaces 

For a domain O C ., wc use LP{0), W^^p{0)., Wq^{0) and l^-i-p' = [wl'^{0)]' to denote the 
standard Sobolev spaces. Observe that II^1'P(17) = IFo'^(r2) as Vt = throughout the paper. By 
-'^ioc(^)' ^io,f (^) denote their locally integrable variants. 

A prominent role will be played by the weight functions e^''^^', x £ R**. These give rise to 
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weighted spaces L^(^), W^"^{i}), ^'^ (il) — [VKi'^(il)]', given via the respective norms 

ll"Ci-(0)= / {^u{x)\^ + \u{x)\^)e-\^-^\ dx, 

"""w-i'P'(o) = sup^it(a;)w(a;)e-l='-^l dx, 

the last suprcmum being taken over v e W^''^(r2) with miit norm. These spaces share the usual good 
properties of Sobolev spaces (separability, rcflexivity) , note also that 

L|(f7) C Li(f^), p>g, (2.1) 

since f2 has finite measure with respect to the weight e^l'^^L It is also easy to see that the spaces 
-L^(f2), i^(r2) in fact coincide and the equivalence constants only depend on |a; — yj. 

Finally, we remark that L|(r2), Wl;'^{^) are Hilbert spaces using the obvious scalar product; 
however, it is worth noting that II V-|1^2(j2-, is not an equivalent norm on W^" (fi) (just consider a 

constant function). The notation (•,-)^ will stand for the duality pairing between W^^'^i^ and 
2.2 Uniformly bounded spaces 

First, we introduce the space i^(f^) of the uniformly locally L'^-functions as 

Ll{n) := {u e Ll^in) : sup \\u\\l2^c(.o)) < +°°} ■ (2-2) 

Here and below in the paper, C{xo) denotes the closed unit cube of Mf^ centered at xq, namely 
C{xo) = Y[i=i d\-^o,i "1/2; xo,i + 1/2], where xo.i are the components of xq. Clearly, L^(ri), endowed 
with the graph norm, is a Banach space. An equivalent norm is given by 

ll^lli^Cn) — sup||u||^2(c,)- (2-3) 

k 

Here and in what follows, Ck are an enumeration of the unit cubes centered at Xk G (Z/2)'^. An 
advantage of this norm is that the supremum is taken over a countable family of cubes. Note also 
that, for later convenience, we allow a partial superposition of the cubes. 

We will also need the weighted analogue of L^(ri). Given ^ > 0, an admissible weight of rate 
of growth ^ is a (measurable and bounded) function (f> : M.^ — > (0, +oo) satisfying, for some c > 1, 

^-i^^t.\x-y\ < cl){x)/(l){y) < ce^l^-^l, yx,ye R'^, (2.4) 

as well as the estimate 

|V(/.(x)| < \^{x)\. (2.5) 

A typical example is given by the exponential (j){x) — e™!^"^!, where x and m G [—1, 0], which 

of course has rate of growth /i = |m|. In fact, we can observe that |m| < 1 would be enough in order 
to have (|2.4p - (|2.5p . However, since we also need global boundedness of <f> in the sequel, we will only 
consider negative exponential weights. 

It is easy to prove (see [531 Prop. 1.3]) that if 0i and 02 are admissible weights of growth rates 
^1 and fi2, then niax{(j)i , (f)2} and minj^i, (/)2} are still admissible weights both having growth rate 
max{,ui,yU2}. 

We now have the analogue of (|2.2p . i.e., the space of the functions which are uniformly locally 
with respect to the weight cj). This is defined as 

Ll^Q) := {u e Ll^in) : sup (b'/^xo)\\u\\L2^ci.o)) < +^}- (2-6) 
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As before, we will take on ^{Q) the equivalent norm 

II"IIl^^(0) — sup0(xfc)||u||^2(c^). (2.7) 

It is easy to check that Ll^{Q) is then a Banach space. Note that the constant function 1 is an 
admissible weight with growth rate and j^(ri) = i^(ri). Moreover, if the weight is of the form 
0(.t) = for some x £ and for ^ G [0,1], then it is Ll{Vl) C L^^(ri) with continuous 

inclusion. 

Given now an admissible weight (f> with rate of growth strictly smaller than 1, we also define 



(n) := \u e Ll^in) : u G VSG f^, sup <j){x) [ |M(x)|^e-l='-^l dx < +oo|. (2 



It is not difficult to prove that Ll^{fl), endowed with the graph norm, is also a Banach space (note 
that it is not a Hilbert space). More precisely, we can prove 

Theorem 2.1. The spaces ^(ri) and ^{fl) coincide and, in particular, their norms are equivalent. 

Proof. Recall that {Ck}keN are an enumeration of the unit cubes of Q, centered in the points of 
Xk e {Z/2)'^. It is then clear that, for fixed x ^ ^l, wc have 

(/.(x) / |u(x)pe~l"-^' dx < ^ / 0(x)|u(a;)|2e-l"-^l dx. (2.9) 

Let us also notice that, for x e Ck, there hold 

e-l^-^l < cie-l^'=-^l and 0(x) < C2(/)(xfc)e^l^^-^l, (2.10) 
for suitable ci,C2 > independent of k,x. Hence, 

f 0(x)|M(x)pe-l"-^l dx<C3^e"(i-^)l"'=-^l(/)(xfc) /" \u{x)\^ dx 

< C3(sup^(xfc)h||i.(c^)) J2 (2.11) 

Assuming ^ < 1, the sum is bounded independently of x. Passing to the supremum, this entails that 

\\uh2^t^n)<4u\\Ll^m- (2.12) 
To prove the opposite inequality, note that, for x G C(x), 

1 < C4e-l-^-^l. (2.13) 

Hence, 

</'(^)lklli2(cte)) = '?^(^) / \u{x)\^ dx 
Jc{x) 

< C40(x) / |M(x)pe-l^-^l dx 

Jc{x} 



<C4<j>{x) / |u(x)pe-l^-^l dx. (2.14) 



The proof is complete. 

For p £ [1, oo), we can define analogously as above the spaces ^i^) and ^{fl), where 

sup0(xfc)||w||^p(p^p 

:=sup</)(x) / |M(x)|Pe-l"-"l dx. 
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As above, one proves that ^{fl) ~ ^{il) provided that the growth rate of cp is smaller than 1; the 
equivalence relation can be succinctly written as 

ll"lli,^^(o) ~ sup0(x)||u|lPp(^j. (2.15) 

Note also that the equivalence constants only depend on fi, c in (|2.4p and not on the particular 
expression of the weight function; this fact will be used repeatedly in various a priori estimates. 

As a next step, we extend the above construction to Sobolev spaces. First of all, given an 
admissible weight 0, Wl''^{fl) and W^^'^(O) are defined as the spaces of L^Q^(r2)-functions which belong 
to Ll{fl) and, respectively, ^{^) together with their first (partial, distributional) derivatives. These 
are, of course, Banach spaces with the natural norms modelled on ()2.3p and ()2.7p . We can also define 
W^\-^{n) as the space of L]^Qj,(Jl)-functions such that 

snp(j){x) [ (|u(a;)p + |Vw(a;)|2)e-l^"^l dx < +CX). (2.16) 

In particular, we write W^''^{fl) in case 0=1. The analogue of Theorem 12. 11 whose proof is omitted 
for brevity since it does not present further difficulties, then reads 

Theorem 2.2. Given an admissible weight (f> of growth rate fj. G [0,1), the spaces W^'^{fl) and 
W^'^{fl) coincide and their norms arc equivalent. 

Next, we come to negative order spaces. Firstly, we define 

W,-j''m |C e T^'m ■■ Clc(^) e W-'^\C{x)) \fxen, sup</>(5f)||CfH'-^^(C(^)) < +^}- (2-17) 

Of course, the above, endowed with the graph norm, is a Banach space (and the suprcmum could 
be restricted to x G (Z/2)'^, see the proof of the next theorem). As before, we can also define the 
counterpart Wf^^''^{Q). Let us take first u e ^{Q) and set 

||u||,^-i.2,j^, := supsup(/)(x) / u{x)v{x)e~^^~^^ dx, (2-18) 

where the first supremum is taken with respect to 

{veWl;^in):\\v\\^u.f^,,^<l}. (2.19) 

The space Wi^^''^{fl) is then defined as the completion of ^(f^) with respect to the norm (|2.18p . 

Theorem 2.3. Given an admissible weight (p of growth rate /i € [0,1), the spaces 
W(j~^'^(0) coincide and their norms are equivalent. 

Proof. Let Ck and Xk be as in the proof of Thcorem l2.1l Take u E ^(ri). Then, it is clear that 
(j)^/^{xk)\\u\\w-i.2^c,)=sup<f)^/^{xk) [ u{x)vix)dx, (2.20) 
where the suprcmum is referred to the u's in M^o' (Cfc) with II 

^llwo'^(Cfc) — ^' take any such v 

and extend it by zero outside Ck- Then, 

4>^^'^{xk) / u{x)v{x) dx ~ (l?'^'^{xk) / u{x)v{x) dx 

JCk 

= (t){xk) [ u(x)(/)-i/2(a;fc)z;(a;)el^-^'=le-l^-^'=l dx. (2.21) 
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One easily verifies that v (which is in fact only supported in Ck) belongs to W^'^{il,) and has the norm 
smaller than some constant ci. Taking the suprema with respect to v and fc, we eventually get that 

lkllH^-i.^(a)<c|k||^-i,.(^). (2.22) 

The proof of the opposite inequality is a little bit harder. Let u G L^^(ri), v e W^'^{^) and x e ^l. 
Let also {i}k}keN be a smooth partition of unity associated to the cubes Ck- Then, 



') / u{x)v{x)e dx = (j){x) / u{x){v'ipk)ix)e dx 

Jn Jn 

<J2<l>'/\xk) f u{x){vtPk){x) Jif e~l--^l dx 



fcGF 

feeN 



^ b.cp 

feeN 



where we have set 



Vkix) :=«(x)^fc(x),^(s)r'/'(.^fe)e-l"-"'. (2.24) 

Then, a direct computation (notice that the functions ijjk can be chosen uniformly bounded together 
with their first derivatives) shows that 

rfellv^i.^tO < c0(x)0-i/2(xfe)e-l-''-^l||z;||H'i,.(c,), (2.25) 

where c is independent oix,k. Thus, coming back to (|2.23p and using Theorem 12.21 and (|2.10p once 
more, we arrive at 



m / uix)vix)e-\^-^\ dx<ch||^-.,.(^)^((/)(x)r'(a;fe)e-l-''---l0i/2(z,)||«||v^.,.(c,)) 

•^^ ' feGN 

feeN 

- '=ll"llw-^'''(n)ll^llM/,^i(o)- (2-26) 

Thus, dividing by and taking the supremum first with respect to a; and then with respect 

to u, we obtain the opposite inequality of (|2.22p . 

To conclude the proof, we observe that, a priori, the equivalence of the norms of Wf^^''^{fl) 

and W^^''^{fl) has been proved just for the functions of Ll^{n). However, it can be easily extended 
to the whole spaces by means of a standard density argument. I 

It is worth while observing that the above defined spaces share some usual properties of 
Lcbesgue spaces, as for example 

IIHlL^,,(n) < ll«llL?,,(n)lkllL^,,(n), l = l + -q- 



On the other hand, the Sobolev embedding W^"^{fl) C L^^(ri), p ~ 2d/{d— 2) does not hold (unless 



1) due to the incompatibility of the powers of (j){xk)- Also, the Ll Jfl) norm of Vu is not an 



equivalent norm in W^'^{fl). 

Finally, we will need seminorms that correspond to restrictions to some (bounded) subdomain 
O cfl. For arbitrary O C we set 

I{0) :={fceN; Cfcne)^0}, 



\Ml?ao)'= sup (t){xk)\\u\\^2rc^ 
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2.3 Parabolic uniformly bounded spaces 

As an auxiliary tool, we will work with a sort of "parabolic version" of uniformly local spaces - a main 
technical novelty of the present paper. This setup seems rather natural for the study of dynamics of 
parabolic-like evolutionary problems in unbounded domains. 

Given an admissible weight function 0, we define spaces ^{Q,£; L'^{n)), ^{0,£;W^'^{^1)) 
and Ll ^(0, £; W~^'^{fl)), where for any function u{x, t) : Q x (0, £) M, we set 

IWhl^ioALHn)) = sup'^^/^(a;fc)||w||^2(o,^;L2(c^)), 



fee 



We also introduce the space ^{0 , £; {Q)) as 



II'"IIlJ^(0/;Lp(O)) "^^P*^ ^i^k)\\u\\LP{OALP{Ck))- 



As customary, we omit the symbol if = 1. We will also need localized scminorm of the space 



Ll Jo, £; L'^{n)) to some domain O C fl, namely 



MLl,i0.e;LHO))= sup (t>^^^ixk)\\u\\L2^Q,i,L^C,))- 

In analogy with Theorems 12.11 one then proves: 

Theorem 2.4. Let cj) he an admissible weight function of growth rate /i e [0, 1). Then the func- 
tion spaces Ll^{0 , £■ L\n)) , Ll J<d,£-W^'\n)), Ll^{Q,£-W-^-\n)) and Ll^{0, £; LP{n)) coincide 
with the spaces Ll jO, £; L^{n)), ^(0, £; W^^^m, ^(0, £; W-^^^m, and 11^(0, £; LP{Vl)), whose 
(equivalent) norms are given by 



(0£-L^foi) =sup0(^) / Hx,t)\^e-^---Uxdt, (2.27) 



ll^lli^ (o^i^i.^(O)) =s'iP'^(^) / {\u{x,t)\^ + \Wu{x,t)\')e-^--''Uxdt, (2.28) 



:supsup0(^) / M(x,t)w(x,<)e"l'^"'^l dxdi, (2.29) 
sup 0(5) / |M(x,t)|Pe-l^-^l dxdt, (2.30) 



^ " xen Jnx{o,i) 

f-i/l /it f^TTy^f-i 4- l-\ -i- -r-|^*-A T-ir^-r" n-i T n / , 

'6,0 



respectively. The suprcnmm in (|2.29p is taken over all v such that the norm in Ll ^[Q,£\W^''^{Q,)) is 
less or equal to 1. 



Proof. Omitted as being completely analogous to the three preceding theorems. The only differ- 
ence is an extra integration over t e (0,^). Note that the already proven equivalences can be simply 
written as 

li"llLP^(0,f;LP(n)) ~ '^l:l.P'^(^)ll'"llLP(0/;L£.(n))' 

^ ^ (2-31) 

Mlll^ioAW^^Hn)) ~ sup0(x)|lw|j2^^^_^.^^.2(f2)^, etc. 



Remark 2.5. Note that in the above definitions, one first integrates over t € (0,£) and then takes 
the weighted supremum. It is thus clear that, e.g., 

L\0,£;Ll^m C Ll^iO,£;L^m C LL(Q), 

where Q = [Q,£] x H. and both inclusions arc indeed strict. 
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2.4 Some auxiliary results 

Given a precompact set K in a metric space M , we define Kolmogorov's £-entropy as 

H,{K,M) := In N,{K,M), 

where N^{K,M) is the smallest number of e-balls that cover K. Also, the symbol Br{u;AI) denotes 
a ball centered in u, of radius r > 0, measured in the metric of M. 

The following explicit version of the Aubin-Lions Lemma will be instrumental in the proof of 
the main theorem. 

Lemma 2.6. Set 

ll-^llwb,^(Q) •= II^IIl2^(0,«;H'1'2(o)) + W^t^W Ll^{0,i;W-^--^{n))- (2.32) 

Let O C fl be a "reasonable" domain in the sense that 

#I(0) < civoKO). (2.33) 

Letr>0, 9 e (0, 1) be given. Then 

Her{Br{X-WbAQ)),Ll^{Q,t-L\0))) < covol(O); 

wiiere the constant cq only depends on ci, £ and 6, but is independent of X, r, O and the weight 
function (j> as long as (|2.4p and (|2.5p are satisfied. 

Proof. Observe that balls of radii R> 1 are "reasonable" class of domains and we will not work 
with any other O. 

STEP 1. Assume = 1. Then Wb,4,{Q) estimates from above each seminorm 

By the usual version of Aubin-Lions Lemma (see e.g. [10]), we then have 

Hgr{BriX;WbAQ)),L^iOJ;L^{Ck))) < Cl, 

where ci is independent of k. The desired covering arises as a product of those and, in view of (|2.33p . 
the final estimate follows. 

STEP 2. The case with general cj) is reduced to the previous step using the operator 

F -.X^ (jj^/'^X. 
The proof will be finished once we show that 

and the equivalence constants can be taken independently on choosing Ni, ^ as any of the spaces 
L2_^(0,£;L2(O)), Ll^iOJ;W'^\n)) or Ll^{OJ;W-'^'m- 

(i) The case Nb^^ = Ll ^{0,£; L^{0)) clearly follows from the fact that 

|FX(x,t)p = cj)ix)\Xix,t)\'' « 0(a;fe)|X(x,t)p, 

if a: e Cfc. 

(u) Regarding the space ^(0, £; VF^'^(ri)), one obviously has (cf. (|2.5p ) 

iVFXp < ci0(|VX|2 + |X|2) < c2(/.(xfe)(|VXp + (2.34) 
for X € Ck- The opposite inequality is more delicate. It is now crucial that (|2.5p holds with 1, hence 

\VFX\ > |0i/Vx| - i0-i/2|V0||X| > </>i/2(|VX| - i|X|). 
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It then follows that 

iVFXp + |FX|2 « (|VFX| + |FX|)' > C3</)(xfe) (| VXp + |Xp) 

and the equivalence is concluded as in (i). 

(iii) We first have to remark that in Li ^(0, £; W~^-'^{ri)) the operator F is defined by duahty, 

i.e., 

{FX,v) := {X,Fv). 



But then 



Ll ,(0,f;M'-i.2(n)) - ^UPII-f^'^llL2(0,£;W-i.2(Cfc)) 
k 



k 

■ sup sup 



k V JCkX{0,e} 

sup sup (/)^^^(a;fc) / Xv dxdt 

k V Jnx{o,e} 

IIXl 



Here the supremum is taken over ah V e L^{0,e;Wo'^{Ck)) with unit norm; in the second step we 
have used the equivalence 

W^Mw^-HCk) « H^k)'^'\\v\\w^^^c,) (2-35) 

established in part (ii). 



3 Well-posedness 

Here we give a rigorous mathematical formulation of equation (jl.ip within the spaces of uniformly 
locally L^-functions. Wc first specify our basic assumptions on the data, starting with the nonlinear 
diffusion term: 

aeC°{R'':W'), a(0) = 0, {a{0 - a{ii)) ■ - v) > - if , VC,r;GM^ (3.1) 

|a(0-a(?/)| <c«|e-?/|, Ve,r/eM^ (3.2) 

<^ 1-^ a(^) • ^ is a convex function on W^, (3.3) 

where k > and c > 1 are suitable constants. Wc now introduce the family of nonlinear elliptic 
operators {^^j^gRd as 

: W^'\n) ^ W^''\n), {A^v,z)^ := [ a{Vv{x)) ■ hz{x) - z(.T)^^)e-l^-^l dx. (3.4) 

Jn ^ \x — x\/ 

In particular, if u g W^'^ifl) for an admissible weight (j> of growth rate ^ < 1, then A-^v is an element 
of W-^^'^(fl) for all X € R'^. The nonlinear function / is assumed to satisfy 

/eC"(M;IR), /(0) = 0, (3.5) 

\f{r)-f{s)\<C2{l + \r\ + \s\)P-\-sl Vr,.seM, (3.6) 

{f{r)-f{s)){r^s)>-C\r-s\', Vr,seM, (3.7) 

C4\r\P -C5 < f{r)r <C6i\r\P + 1) Vr G M. (3.8) 

for some C, q > and somcp G (2, oo). Hence, we are requiring that / grows superlinearly at infinity, 
which holds in most applications. As far as h is concerned, we let 

h-.QxR'^^R, h{x, is globally Lipschitz for a.e. x e Q, (3.9) 

X 1-^ h{x,^) is measurable and essentially bounded for all ^ G R'^. (3.10) 
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Remark 3.1. With minor modifications in the proofs, one eould admit also a (Lipschitz) dependence 
on u in the convective term h. We limit ourselves to the slightly more restrictive setting p.9p - (|3.10p 
just for the sake of notational simplicity. 

Finally, we take 

geLliQ). (3.11) 

We are now able to state our result on wcU-poscdncss and dissipativity of the reaction-diffusion system 
in the space L^(ri). Notice that, since we are only considering negative exponential weights, L^^l) 
is continuously included into ^{fl) for any such weight. In particular, estimate (|3.16p below makes 
sense. 

Theorem 3.2. Let assumptions JSH])- 13131) aiid ((331) - ((3TI|) hold. Let also 

uo e Llin). (3.12) 
Then, there exists a unique function u such that, for any x €z ^l, one has 

u e c°([o, T];Ll{n)) n l2(o, T; w^'\n)) n lp{o, T; Lim, 

ut G L\Q,T;W^^'\n)) ^ LP' {0,T-Li{n)), 
and for allx^H. there holds 

ut + A^ + f{u) + h{;Vu) = g, in £^(0, T; ^^^''(r!)) + L^' (0, T; Ll (^i)). (3.14) 
Moreover, we have 

u\t=o = Uo, in L^{n). (3.15) 

Finally, for every admissible weight function (j) with growth rate /i < 1 and almost all t > 0, there 
holds the dissipative estimate 

\Ht)\\ll^{n) + cilklli2^(t,t+i;H'i.2(n)) + c2hlliP^(t^t+i.ip(a)) ^ ll^o|li2^^(n)e""* + ca, (3.16) 

where a and ci are positive constants depending on the parameters of the system, but independent of 
the initial datum uq . 



(3.13) 



A function u under the conditions of Theorem 13.21 will be simply called a "solution" in the 
sequel. Of course, due to arbitrariness of T any solution can be thought to be defined for almost any 
t e (0,oo). 

Remark 3.3. Equation (|3.14p can be also written in an expanded way as 

-ut(a;,i)w(x,t)e~l''~^l dx + a{Vu{x,t)) ■ (Vv{x,t) - v{x,t)-^ — ^^e^l^"^' dx 
I Jn ^ \x — x\/ 

+ [ {f {u{x, tj) + h{x, S/u{x, t)) - g{x))v{x, t)e~^^-^^ dx = 0, (3.17) 



the above being intended to hold for any x fl, almost any t g (0,T) and any test function v g 
L2(0, T; Wl'^iQ)) n LP{0, T; i|(17)). In particular, by (IXlB . one can take v = u. 

Proof. The proof is carried out by suitably approximating p.l4p through a family of problems 
defined on bounded domains and then passing to the limit via monotonicity and compactness methods. 

As a first step, we then define ri„ := i?„(0,M''), n e N, and for any n consider a cutoff 
function g C°°(r2; [0, 1]) such that -0 = 1 in ri„_i and supp('i/') C ri„. Then, we set uo.n ■= uo'^Pn 
and (?„ := gtpn- Thanks to p. lip and p.l2p . applying Lebesgue's theorem one can easily check that, 
for every x € Q, 

uo,n^UQ and gn^g, strongly in L|( SI). (3.18) 
We also set Xn L^(ri„), := Wg^'^(ri„) and define the elliptic operator 

^„ : K ^ VL. -z) - / Va(w(x)) • Vz(x) dx, (3.19) 
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where v, z € Vn- Then, we can introduce our approximate problem 

+ f{un) + h{-, Vti„) = g„, in L (0, T\ Vn) + (0, T; (ri„)), (3.20) 
u„|t=o = wo,n, a.e. in 0„. (3-21) 

We have the following 

Lemma 3.4. For all rt G N, there exists one and only one solution Un to p.20p - p.2ip such that 

un.t e L2(0,T;l/^)+LP'(0,r;LJ''(aO), e C"([0, T]; X„)nL2(0, T; 14)nLJ'(0, T; LP(r!„)). (3.22) 

The proof of the lemma is more or less standard and mainly relies on the basic tools of the theory of 
maximal monotone operators. We will not give it since most of the difficulties will be the same we 
will face in the passage to the limit n oo we now describe. 

Assume u„ be extended to outside Jl„ and test p.20p by UnC^I'^^l, for arbitrary x £ fi. 
Then, we readily obtain the basic estimate 

/ |«„(x,t)pe-l"-^l dx+ / a{^u^{x,t))-hun{x,t)~Un{x,t)^^\e-\''-^\ dx 
2diJo JQ. ^ \x-x\) 

+ / (/(u„(x,t)) + M^,Vu„(a;,0))wn(2^,0e~'"""' da;= / ,g„(x)u„(x, t)e-l"-^l d.T. (3.23) 



Using hypotheses p.ip - p.2p and p.6p . it is then not difficult to deduce from (|3.23p a priori estimates 
in weighted spaces which entail 



Un^u weakly Star in L°°(0, T; L|-(r2)) n 2.^(0, T; Lj(r2)) n £^(0, T; W;i'^(fJ)). (3.24) 

Note that, here and below, all convergence relations are intended up to the extraction of subsequences, 
not relabelled (see also Remark 13.51 below for more details). Next, writing (|3.20p in the form corre- 
sponding to p.l7p . namely 



u„,t(a;,i)w(a;,t)e-l^-^l da; + / a(Vu„(x,t))- (Vf (x, t) - f (x, t) ^_ \^--\^-A 
n ' Jn ^ \x — x\/ 

+ [ (/(w„(x, t)) + h{x, Vu„(x, t j) - gn{x))v{x, t)e-l^-^l dx ^ 0, (3.25) 



dx 



and letting v vary in L^(0, T; VF^'^(ri)) n ^''(0, T; i|.(fi)), passing to the supremum with respect to v 
of unit norm, it is not difficult to obtain 

Un^t^ut weakly in L^{0,T;W^^'^{n)) + LP {0,T;L^{n)). (3.26) 
At this point, if one considers the restrictions to a fixed domain fl„i, then (|3.24p implies in particular 



Ur, 



u weakly Star in i°°(0, T; X,„) n L^'(0, T; iP(an)) n L^(0, T; VP^i'2(f7„,)). (3.27) 



On the other hand, if we write (|3.20p for n > m and test it by a generic v S L^(0,T;T4n) n 
U'{Q,T\L'P[Q,m)) (extended by outside ilm), then, using (|3.27p and applying duality arguments, 
we readily infer 

un,t^ut weakly in L2(0,r;y;j + LP'(0,r;LP'(17„)). (3.28) 
In particular, by the Aubin-Lions Lemma, we get from p.27p - p.28p that 

Un-^u Strongly in L^(0,r;X™). (3.29) 

More precisely, by arbitrariness of m, we have 

Un^u a.e. in X (0,T). (3.30) 
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Thus, recalling p.24p and applying Lebesgue's Theorem with respect to the measure d^x — e ^1 da; 
(notice that il = K."^ has finite d^x-measure) , we readily obtain 

Un^u strongly in L9(o,r;L|(r!)), Vge[l,p) (3.31) 

and, thanks to (|3.6p . 

f{un)^f{u) Strongly in L9(0,T;i|(f7)), Vq G [l,p')- (3-32) 

Thus, we are now ready to pass to the limit in equation (j3.20p . To do this, we first observe that, 
by and assumptions (021) and if S G O is fixed, there exist a G £^(0, T; i|(rj)'') and 

h e L2(0, T; L^in)) such that 

a{Vun) a weakly in L^{0, T; L^i^f), (3.33) 
h{-,Vu„) ^ h weakly in L^{0, T; Ll{n)). (3.34) 

Notice that, a priori, a and h might depend on the choice of x. Let us now come back to p.25p . It 
is clear that wc can take its limit, which assumes the form 

ut(x,t)w(a;,f)e"l^"^l dx + / a(x,t) ■ (\/v(x,t) - v(x,t)-^ — ^)e"'^"^' dx 

Jn ^ \x-x\J 

+ 1 (/(M(x,t)) + /i(x,t) -g(x))w(x,t)e-l^~^l d.T = 0. (3.35) 
Jn 

Now, let us choose w = u„ in p.25p . rearrange some terms, integrate over (0,T), and take the 
supremum limit. This procedure gives 



limsup / / a{Vunix,t)) ■ Vu„{x,t)e ^' d.T dt 

nyoo Jo Jvt 

<-iliminf / |u„(a;,T)|2e-l^-^l dx+^limsup / |uo,„(a;)pe-l^~^l dx 
2 nyoo 2 nyoo Jn 

-liminf/ / (/(u„(a;, t)) + Cu„(x, t))ti„(a;, i)e~l^~^l dx di 
"/'°o Jo Jn 

+ limsup/ / C|u„(x,t)pe~''^^'"' dx di + limsup / / 5„(x)u„(x, i)e~''^~''' dx d< 
nyoo Jo Jn nyoo Jo Jn 

-liminf / / /i(x, Vu„(x, i))it„(x, f)e"'^"'^' dx dt 

nyoo Jq 

+ limsup /" /" a(Vit„(x,t)) • ^u„(x,i)e-l^-^l dx di. (3.36) 
nyoo Jo Jn F ~ -^1 

At this point, we aim to compute the limits on the right-hand side. First, let us observe that the first 
two terms are treated by means of p.lSp , p.24p , and semicontinuity of norms with respect to weak 
star convergence. Next, recalling (|3.5p and (|3.7p . by (|3.30p and Fatou's Lemma we obtain 

/ (/(w(x, t)) + Cu{x, t))u{x, t)e"l^^"^l dx dt 
Jn 

< liminf / / (/(u„(x,t)) +CM„(x,<))u„(x,t)e-l^-^l dx di. (3.37) 

nyoo Jo Jn 

The subsequent three terms are treated thanks to (|3.18p . (|3.31l) (where we can take 9 = 2) and (|3.34p . 
Finally, using p.33p and again (|3.3ip . wc arrive at 



lim / / a(VM„(x, <)) • f^^^ — ^it„(x, i)e"l^"''l dx dt 



X — X 

nyocjQ |x-X 
l-T 



I I a{x,t) ■ ^ !!, M(x,t)e-l'^-^l dx dt. (3.38) 
Jo Jn \x-x\ 
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Thus, comparing (|3.36p with p.35p (written for v — u and integrated in time), we finally deduce that 



limsup / / a(Vu„(a;,t)) • Vu„(a;,i)e dx dt 

n/'oo Jq Jn 



nyoo Jq Jn 

< [ I a{x,t) ■Vu{x,t)e~^''~^^ dx dt. (3.39) 
Jn 



Noting now that, by assumption (|3.ip . a induces a maximal monotone operator on the Hilbert space 
-L^(0, T; L|-(r2)'^), the usual monotonicity argument (cf., e.g., [HI Prop. 1.1, p. 42]) permits to say that 

a{x,t) ~ a{Wu{x,t)) d^x-a.e. in and a. e. in (0, T), (3.40) 

whence the same holds almost everywhere with respect to Lebesgue's measure in x (0,r). In 
particular, ct is independent of the choice of x. Thus, substituting in (j3.35p . we get exactly (|3.17p . 
Finally, we notice that, as a consequence of p.39p - p.40p and lower semicontinuity, 

(Vii„(x, t)) ■ Vun{x, f)e-l^-^l dxdt^ f f a{Vu{x, t)) ■ Vu{x, i)e-l^-^l dx dt. (3.41) 

Jo Jn 



Thus, using and, e.g., [H Thm. 2.11], we obtain 

Vun{x,t) ^Vu{x,t) a.e. in X (0,T), (3.42) 
whence, by (|3.9p . (|3.33p and Lebesgue's Theorem, 

Vu„ ^ Vm and /i(-,Vit„) ^ /i(-,Vii) strongly in i«(0, T; L|(f7)) (3.43) 

for all q E [1,2). In particular, h ~ /i(-, Vu) (cf. (|3.34p ). which concludes the proof of existence. 

Remark 3.5. It is worth observing that relations (|3?24l) - ([3?26l) and (|33T|) - (|332l) hold for any xeR'^ 
and the limits are independent of x. This follows already from the fact that the spaces L^{^) coincide 
for different values of x. However, it is still necessary to consider the weak formulation for all x 
simultaneously to make sure that the a priori estimates are also uniform with respect to x. In virtue 
of the equivalence relations ()2.15p and (|2.3ip this then leads to the estimates in the uniformly bounded 
spaces. 

Remark 3.6. In the case when ft, is a linear convection term (namely, h{x,£,) = v{x) ■ ^ for some 
measurable and bounded function v), then assumption (|3.3p can be avoided. Actually, the only role 
of (|3.3p is that of guaranteeing the strong convergence (|3.43p of gradients, which is not required for 
taking the limit in case h is linear. 



Remark 3.7. It is not difficult to realize that Theorem 13.21 can be extended to systems of m equa- 
tions provided that the nonlinear function a is replaced by a S C°(R'"^''; R™^'') satisfying suitable 
reformulations of (|3.ip and p.2p and h is replaced by a linear function of the form h(a;, M) = v{x)- M, 
where M £ T^rnxd j-ggg Remark I3.6p . Another possibility is to preserve a nonlinear convcctive term 
h : X M™^'' — > M"* satisfying suitable generalizations of p.9p and p.lOp and taking the vector 
Laplacian —A as diffusion operator. 

Let us now move to dissipativity. To prove it, let us go back to p.35p . take v = u and use 
(13201), (PT|) - (P?^ . and dSUl). Then, we deduce, for some cr > independent oix, 

^ll«llil(o)+'^(l|V"|li|(^j) + ||u||^P(^)) <c^^(l+5'(a;))e-l--^^ dx < ci, (3.44) 

where Ci only depends on ||5||^2(q^ and on the Lipschitz constant of h (and is independent ofx). By 
a standard application of Gronwall's lemma, we further deduce 

rt+l 
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Next, we multiply with 0(x), and take the supremum over x E W^. Using the fact that (j> is uniformly 
bounded and also the equivalence relations (|2.15p . ()2.3ip . wc finally conclude (|3.16p . 

Notice that the above is a dissipative estimate in any of the spaces ^{fl) where (p is an 
admissible weight of growth rate strictly lower than 1. 

Finally, let us prove uniqueness, which is standard. Indeed, it is sufficient to write p.l4p for 
a couple of solutions ui and U2, take the difference, test it by ui — U2 (in the appropriate functional 
sense) and integrate with respect to the measure d^cc (8) At. Then the thesis follows as before by using 
Gronwall's lemma and taking the supremum with respect to x. We omit the details since we shall 
prove more refined contractive estimates in the next section fTheorem l4.2l) . The proof of Theorem 13. 21 
is complete. I 

In order to prepare the long time analysis, we need a further regularity result. 

Theorem 3.8. Let d < 3 and consider a solution u. Then, for any g e (1, oo) and any t > 0, u enjoys 
the additional regularity 

u€ L°°{T,oo;Ll{n)). (3.45) 

More precisely, for any q g (l,oo) there exists a computable nonnegative-valued function Q, depending 
on q and increasingly monotone in each of its arguments, such that 

\Ht)\\ Llin) < Q(.r- Wluohun)), Vt > r > 0. (3.46) 

Proof. The proof is performed by means of (finitely many) iterative estimates. As a first step, we 
notice that, due to the dissipative estimate (|3.16p . for any t > 0, any r G (0, 1) and any x E fl there 
exists to G [t,t + t] (possibly depending also on x) such that 

\\u{to)\\L£^(n} + \\u\\Ll{t,t+i;W^.^{n)) < S(t~\ I|wo||l^(o)), (3-47) 

where Q is as in the statement. 

Then, we can test the equation hy v = \u\°'u, where a = p — 2 > due to our assumptions. 
Such a test function is indeed admissible at least on the level of approximations, thanks to uniqueness. 
Thus, using (|3.8p and p.9p . and observing that a(Vu) • Wv > by (|3.ip . one deduces after obvious 
manipulations 

+cill^llS+°(o) ^ ^2 +C3!k|lip(,,) +C4^ (1 + + |5l)l"r+'e-l--^l dx. (3.48) 

The last integrand in p.48p is then simply estimated as 

(|Vu| + \g\)\ur+' < s\u\'"+' + £-i(|Vup + 
Then, choosing e small enough and remarking that 2a + 2 = p + a, wc further deduce that 

^Mlm + y ll"llLp°(a) ^ ^5 + ^^Mlm + -^W^^Whm- (3-49) 

Then, we can integrate (|3.49p over (to, to + 2). Recalling p.47p and using Gronwall's Lemma, we can 
then pass to the supremum with respect to x first on the right-hand side and then on the left-hand 
side. Noting that for any x it is to(^) < t + t, by arbitrariness of t in IR+ we deduce 

ll"llL~(r,oo;Lnf^)) ^ ll"o||L^(n))- (3-50) 

Moreover, we also obtain that, for each t > t and any x £ H,, there exists ti e [t,t + t] such that 

\Hti)\\LE+-(n) + ll^llL?+°(t,t+i;LP+°(n)) ^ hohiin))- (3-51) 

We can now proceed by an induction argument. More precisely, we will just need a finite 
number of steps. Actually, since a=p — 2>1, we will stop after n iterations when 71 G N is such 
that p+ {n— l)a = na + 2 > q. 
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So, we can assume that, given k < n, for each t > t and any a; G fi, there exists t^^i G [t, t + r] 
such that 

+ Ikll L^°+^{t,t+i;L'=°+2(n)) ^ ll^io||L2(f^)), (3.52) 

and prove now the same relation with fc — 1 replaced by k. 

To do this, we test the equation hy v = where a^p — 2>0 as before. Then, we 

obtain the analogue of (|3.48p . where, however, we need to use p.ip a bit more precisely. Namely, we 
get 



d 

d^^ 



(O) 



< C4,fc + C5^fe|!u||^;^^|,^^^ +C6^fc (1 + |Vu| + |g|)|u|'="+ie-l---l dx. 



(3.53) 



All constants c or Ci_k here and below will be allowed to depend on fc. However, since a finite number 
of induction steps will suffice, we will not need to compute them explicitly. To estimate the terms on 
the right-hand side, we then observe that 



C6,k [ (1 + |Vu|)|u|'^"+ie-l^-^l dx<e [ IVwHul'^^e-l^-^l da; + 
Jn Jn 



Cf + Cf u 



ika+2 
1 rfco + 2 



{ny 



(3.54) 



As for the g-term, we need however to be much more accurate than before. Firstly, we notice that, 
for positive Xi, i = 1,2, 3, such that Ai + A2 + A3 = 1 (and that will be chosen below), we have 



C6,fe 



e 

Ai I -—"xl 



{\9\ 



— A2 Ik — r 



"l)(|u|^e-^^l^-^l) dx 



--: Xi X Xo X X3 



X u e 



-^2|--a;||| y II II 

IIl<!2(o) ^ ||I"I ^ \\Li3{n) 



where 



1 1 1 



92 93 2 

Let us now estimate the quantities Xi . Actually, taking 



92 



4(fc-a + 2) 
ka 



93 



4(fca + 2) 
fca + 4 



it is not difficult to obtain 



fco + 2 2(fcQ + 2)A2 



2(fca + 2) 
L6(n) ' 



whence, by continuity of the embedding H^{Vl) C L^(r2), it is straightforward to arrive at 



(3.55) 

(3.56) 
(3.57) 



Xo < c 



4(fca + 2)A2 \3:-x\ 



4(fcQ + 2) 



4(fcc< + 2) 



Computing X3 directly, we similarly obtain 

X3 < 



4(fcQ + 2)A3 |a;-~| 



u|fc«+2e 



4(fcc< + 2) 



At this point, in order to get the same weight functions as on the left-hand side, we choose 



A2 = 



Sfco; 



4(fca-h2)' 
and consequently we obtain 



A3 = 



fca -I- 4 
4(fca-h2)' 



so that Ai = 



1 



fca 2 



Xi < c 



g^{x)e '="+2 dx 



1/2 



< csup 



g'^{x)e dx 



1/2 



< c, 



(3.58) 



(3.59) 



(3.60) 



(3.61) 
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where the last inequality follows from the fact that we have obtained a norm of g that is equivalent to 
the usual norm of Lil{^) (this fact can be shown proceeding similarly with the proof of Theorem 12. II 
in the case 4> = 1). Notice that, the larger is fc, the slower is the decay of the exponential weight 
(however, we will not need to take fc — > oo here). 

Thus, using also the Young inequality, (j3.55p gives 

\JQ. Jn ) 

where of course the latter exponent is (strictly) lower than 1 . 

Thus, integrating (|3.53p over (<fe_i , tk-\ + 2), taking e small enough, using Gronwall's Lemma, 
and taking as before the supremum with respect to x first on the right-hand side and then on the 
left-hand side, it is almost immediate to obtain (|3.52p with fc — 1 replaced by k. This concludes the 
proof. I 

Remark 3.9. Note that should we assume g E L°°{n), the Theorem 13.81 can be proved in a simpler 
way and the restriction d < 3 can be removed. 

Remark 3.10. It is not difficult to realize that Theorem l3 . 8l can be extended to systems of m equations 
provided that the diffusion operator is the vector Laplacian — A and the nonlinear convective term 
h is replaced by h : x M"'^'* M™ satisfying suitable generalizations of (|3.9p and p.lOp (see also 
Remark l3.7p . 



(3.62) 



4 Global attractor 

Thanks to Theorem 13. 21 we can introduce the solution operator 

Sit) : LUn) ^ LliQ), uo^u{-,t). 

Before showing that S{-) is a continuous semigroup, we prove a simple 

Corollary 4.1. The scmiHow S{-) admits an absorbing set of the form 

B:^BK{0;Ll{n)), (4.1) 

with a sufficiently large K > 0. Moreover, B can he chosen to be positively invariant and bounded in 
the space i^(fi) for q arbitrarily large. 

Proof. The existence of an absorbing set Bq satisfying (|4.ip is an immediate consequence of (|3.16p . 
Setting 

B :=[j Sit)Bo, (4.2) 
t>i 

we immediately obtain the positive invariance, as well as the L^-boundedncss, thanks to p.45p . I 

Notice that, however, wc cannot expect that the dynamics be compact in Ll{fl). The standard way 
out of this impasse is the local topology Lf^^{n). Indeed, thanks to Corollary |4Tl we can restrict our 
analysis to those trajectories taking values, for all nonnegative times in the L^-bounded set B. Then, 
one easily verifies that 

Un-^uo in Lf^^{fl) Un^uo inLlifl), (4.3) 

for any u„, uq €E B. Namely, whatever isxGil, the norm of i|-(il) induces to B exactly the Lf^^{^l)- 
topology (in particular, one could directly choose x = at this stage). Thus, recalling also that the 
solutions are continuous as functions with values in L|.(ri), this space seems to be most convenient 
for the construction of the global attractor. More precisely, we are going to establish the existence of 
the (i^(ri), Lj^Q^(ri))-attractor, following the terminology of [5]. 
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We recall that one possible strategy to show the compactness of the dynamics in L^^^{^1) is 
to derive higher regularity estimates, as for example in W^'^{fl). However, as we mentioned in the 
Introduction, here we adopt a more elementary approach, which circumvents more advanced regularity 
techniques, resting only on the natural parabolic compactness of solutions. This is easy to obtain while 
we look at the dynamics from the perspective of "trajectories" with some finite fixed length i. 

We then introduce the set of the short trajectories taking values in B: 

X -.^{Xe L^{0,e;Ll{Q)); X is a solution of X(0) G B}. 

Further, we define the semigroup 

L{t):X^X, [L{t)X]{s) S{t)X{s), se(0,£), 

and the mapping 

e:X^Ll{n), X^X{£). 



The solutions are understood in the sense of Theorem 13.21 hence elements of X posses additional 
regularity. In particular, for any X € X, one has 

X e i°°(o, £; Llm n Ll^{o, I- w^'\n)) n i^^^(o, i; LP{ny, (4.4) 

Xt e L\0,e;W^'^\n)) + LP {0,l;L^{n)). (4.5) 

Also, thanks to Corollary 331 we can assume that 

XeL^{OJ;Ll{n)). (4.6) 

All the above estimates are independent of X and x. Consequently X € C([0, £]; L|-(ri)) in the sense 
of representative, and it thus makes sense to talk about point values of elements of X. Continuity 
properties of the above introduced operators are summarized in the following: 

Theorem 4.2. 1. S{t) : L^{^) L^i^) are Lipschitz continuous uniformly w.r.t. t e [0,T]; 

2. L{t) : 2.2(0, £;i|(rj)) L'^{0,£]Ll{n)) are Lipschitz continuous uniformly w.r.t. t <E [0,T]; 

3. e : L'^{0,£; L^{n)) — > L^{n) is Lipschitz continuous. 

Proof. Let ui, U2 be weak solutions. Subtract the equations and test by w := ui — U2. We have 



iA^|H^,t)pe-l--^l dx 



+ / {a{^ui{x,t))-a{'^U2{x,t))) ■{\/w{x,t)-w{x,t)- -)e-l^-^l dx 

+ I {f{ui{x,t))+h{x,\/ui{x,t))- f{u2{x,t))~h{x,\/u2{x,t)))w{x,t)e-^'=-^^ dx^Q. (4.7) 



Invoking (|3.ip - p.2p . (|3.7p and (|3.9p and using Young's inequality, one deduces 

^ / |ii;(a;,i)|2e-l^-^l dx + n [ |V«;(a;, t)|2e-l^-^l dx < ci [ |w;(a;, Ope"!^-^! dx. 



dt 

Integration over t S (ti,t2) yields 



[ |w(a;,t2)pe-l^-^l dx + k [ | Vw(x, t)|2e-l^-^l dxdt 

Jn Jnx{fi,t2) 

< [ |i(;(a;,ti)pe-l^-^l dx + ci [ |w(x, t)pe~l^-^l dxdt, 

Jn Jnx{ti,t2) 



and Gronwall's lemma applied to 



Y{t) := I |w(x,t)pe-l^-^l dx + K |Vu;(x, s)|2e~l^-^l dxds 

Jnx{tid) 
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implies the basic estimate 

sup / |u>(x,t)pe-l="-^l dx + K [ |V«;(a;,i)|2e-l^-^l dxdt<C2 [ \w{x,h)\\-\^-^\ dx. 

(4.8) 

Part 1 of the theorem follows immediately. One also has 

W^ii + ^ C3\\w{s)\\l2^f^f^y \\w{^)\\li,(n) < C4||u;(s)|||2.(j^), 

for any s £ (0,^), t S (0,T), where the constants C3, C4 only depend on T. Then, integrating the 
above relations over s yields parts 2 and 3 of the theorem, respectively. I 

Remark 4.3. We can establish even stronger continuity of S{t). From the above theorem, one has 

ll™(^2)!li|(o) < C4||w(ii)|li|(n); 

multiplying by (t>{x) and taking suprema over a;, together with Theorem 12. 11 yields the continuity of 
S{t) with respect to the ^(Jl)-norm. 

The existence of a global attractor is now proved in a straightforward manner. Recall that, 
following [1], a set A is called (X, F)-attractor for the dynamical system {S{t),X), provided that A 
is fully invariant, compact in the topology Y, and attracts bounded subsets of X uniformly in the 
topology of Y. 

Theorem 4.4. The dynamical system {S{t), Ll{i})) has a {Ll{Q), Li^^{U))-attractor. 

Proof. 1. We first establish the attractor for {L{t),X). Recalling Theorem 12.41 above, it follows 
from (|4.4p . (|4.5p that X is bounded in each of the seminorms 

X e L2(0, i; W'^Ck)) n LP{0, £; LP{Ck)), 
Xt € L^{QJ;W-^'^{Ck)) + LP'{OJ;LP'{Ck)). 

By the Aubin-Lions Lemma, we then have compactness in L^{0,£; L^{Ck)) for any k; invoking the 
boundedness of X in L°°(0, £; L^(r2)), we have indeed the compactness in L^(0, £; L|-(n)). Recalling 
the continuity of L{t), we deduce the existence of Ae, the global attractor for {L{t),X), by standard 
arguments. 

2. Set 

A := e{Ai). (4.9) 

From the continuity of e and the equivalence (|4.3p one immediately obtains that this is the desired 
(L2(f7),L2^^(f7))-attractorfor {S{t),Ll{n)). I 

Remark 4.5. The existence of the global attractor can be proven solely in virtue of the regularity 
established in Theorem 13.21 above. Of course, in this case we can no longer choose B bounded in 
Ll{Q). Moreover, extensions to systems are possible on account of Remarks 13.71 and [ 3.101 

5 Entropy estimates 

The aim of the last section is to study finite-dimensionality of the attractor. As is well known, for 
dissipative equations in the case of a bounded domain Q, the attractor An satisfies 

H,{An,L\n)) <covo\in)\n^, £e(0,eo)- (5.1) 

Here the constant Cq only depends on the structural properties of the equation, but not on the size of 
fl. In particular, we have finite fractal dimension of An- Such an estimate being meaningless if Q has 
infinite volume, we will follow [23l[24] to estimate the entropy of A in the seminorm L^(0), where O 
is a suitable boimded subdomain of 51. 

Our main result is the following theorem. 
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Theorem 5.1. Let d < 'S and set 

Then, there exist cq, ci and Eq > 0, such that, for any xq & Q, R > 1 and e G (0, Sq) one has 

H,{A,Ll{n,^^R))<co(R + ciln-] In-. (5.2) 



The rest of this section is devoted to the proof of this result. Remark that ()5.2p is completely 
analogous to (|5.1|) . but for the "extra term" ci In i. Heuristically, the finer description of A one seeks, 
the larger portion of fl influences the dynamics. Moreover, the optimality of this estimate is suggested 
by the results of [24j where a similar bound is proved to be sharp, albeit in a different regularity 
setting. 

Given xq ft and i? > 1, we set 

^ R-=i^'' \x-xo\<R + Vd, ^^^^ 

exp {{R + Vd-\ a; — a;o|)/2); otherwise. 

Clearly, one has 

hence it is enough to estimate the right-hand side. As usual, one arrives at such a result through 
suitable iterative coverings obtained by combining the "smoothing property" of solution operators 
with compact embeddings in the appropriate function spaces. As in the previous section, we will rely 
on the natural parabolic estimates. Let us start by an improved continuity result for the evolution 
operators. 

Theorem 5.2. Let (j) be an admissible weight function of growth rate < 1. Then, 

1. L{t) : Ll^^{0,e;L'^{n)) Ll^{0, £; L'^{n)) arc Lipschitz continuous uniformly w.r.t. t S [0,T]; 

2. e : Lf ^(0, £; L^{fl)) — > ^{fl) is Lipschitz continuous. 
Proof. It follows from ([TH]) that 

/ |w(a;,t + s)pe-l^-^l dx < C4 / \w{x, s)\'^e-\''-^Ux, te[0,T], 
Jn Jn 

where C4 only depends on T. Hence, integrating in ds over (0,£), 

[ |u.(a;,s)|2e-l^-^l dxds < C4 / |u.(x, s)|2e-l^-^l da; ds. 

Applying sup^g^j 0(^) and using Theorem 12.41 again, one obtains - in terms of trajectories - 

\\L{t)Xi - i(0^2|li2^(o,^;L2(n)) ^ '^sll^^i - ^2|li,2^(o,f;L2(n))- (5-4) 
This proves part 1. Analogously, one deduces 

|w(a;,^)|2e-l^-^l da; < cg / \w{x,t)\^e-^'=~''^ dxdt, 



and thus 

|je(Xi) - e(X2)||i2 < C5IIX1 - X2||^2 _^(o^^.^2(o)), (5-5) 
i.e., part 2. I 

A key step towards our entropy estimate is the following "smoothing property" of the operator 
L{t) - a sort of typical result in the spirit of the method of trajectories. 
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Theorem 5.3. Let </> be an admissible weight function of growth rate fi < I. Then for any Xi, 
X2 G X, one has 

\\L{e)X, - iWX2|L2^(o,,;v^i,2(o)) < K,\\X, - X^h. ^^oALHn)), (5-6) 
\\dt{Lie)Xi - mX2)h.^^^oAW-^.Hn)) < ^2i|Xi - XsH^.^^o^.^^.j,,),. (5-7) 

where Ki , K2 only depend on the constants fj, and c characterizing the growth of (f> in 



Proof. Let u, v be the weak solutions such that u|[o.q — Xi, w|[o.f] = X2, and set w :~ u — v. 
STEP 1. One deduces from gil]) that 

(|Vio(a;,t)|2 + |u;(a;,t)p)e-l^-^l dxdt < ci / s)pe-l^-^l dx, Vse(0,^). 



Integrating over s and applying swp^(j){x), in view of Theorems 12.11 [2^ yields (|5.6p . 
STEP 2. We will show that 

W'^tMl Ll^{a,e-w-i.^{n)) - "^211^11^2 _^(o/;wi-2(o))' 
which combined with (j5.6|) implies (j5.7p . Using equation (|3.14p and Theorem 12.41 we can write 

ll^t^lli^ fn^.T^,-i.2ff2-|i < C3supsup0(x) / dtWze~^'-'~''^ dx 

supsup (/)(a;) ^ (a(VM) — a(Vu)) • (Vz — z-p — ^) + Vu) — /i(a:, Vv))z 



Ox(0,£) 



+ (/(u)-/(w))z]e-l^-^l da;dt. (5.8) 



The first supremum is taken over z G ^(0, ^; VF^'^(Jl)) with unit norm. Recalling (|3.2p . the first 
two terms on the right-hand side get estimated as 



C4(/)(^) / |Vw|(|Vz| + |2;|)e-l^-^l dxdi 
<cJ(f>{x) f |Vu;pe-l^-^l da;dt)^^V(^(x) /" (| Vz| + IzD^e"!^^"^! da; di) 



'nx{o,e) ' ^ Jnx{o.e) 

Invoking (|3.6p . the last term in the right-hand side of (|5.8p is estimated as 

C60(x) / (1 + \u\ + |t.|f-2|u;||z|e-l^-^l dxdi 

Jnx{o,i) 

Np-2 



<C7Sup0(xfc)/ + + di. (5.9) 

k Jo 

We have used (|2.3ip with p = 1. Furthermore, thanks to the embedding H^{^) ^ L^{^Y) and the 
additional regularity (|4.6p (where we take q = 3{p — 2)/2), we can estimate by Holder's inequality 

11(1 + \u\ + \v\r~'wz\w < 11(1 + \u\ + \v\)r^\\wUzu < c,\\w\\ 

2 

Hence, (|5.9p can further be estimated as 

C9{^sup(f>{xk) lkl!wi.2(Cfc) dtj {^sup(f>{xk) ||2||m-i.2(c,) dtj < ciolhllis ^(o,f;VKi>2(o)) ■ 
This finishes the proof. I 
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What we have just shown is the Lipschitz continuity of L{£) from Ll ^(0, £; L'^{il)) into Wii,^{Q), where 
the latter space was defined in (|2.32p . However - and this is the pecuhar feature of the analysis in 
unbounded domains - the space Wb,^{Q) is NOT compactly embedded into ^{0,1; L'^{U)). The 
compactness can only be employed using seminorms related to restrictions to bounded sets O C (cf. 
Lemma which also exhibit the correct dependence on the volume of the domain of restriction O. 



Last ingredient is to employ the boundcdness of X in L^^l) together with the decay of the 
weight 'ipxo,R to localize the entropy of an attractor to a bounded domain up to some error. This 
estimate is actually the origin of the "extra term" in (|5.2p . 

Lemma 5.4. Let Sq > be given. Then there exists ci such that, for any xq E M.'^, > 1 and 
e S (0,eo), having set 

R{e) := R + ci(l + In i 

for arbitrary X\, X2 G X, one has 

" ^2llL2_^^^^(0,f;L^(O)) < max {||Xi - M\Ll^^^ ^(oAL-\n^o.'^^^))V^^ ' 

Proof. Recall that 
2 



Il^i-^2|li2 (o,^;L2(n)) = max{ sup i^xo.R{xk)\\Xi - X2\\l2(Q^i.L^Ck))^ 



However, thanks to the decay of V-'a-o.-R f-nd the boundedness of X, the first term is automatically 
smaller than due to proper choice of constant ci . I 

We are now ready to prove the main result. 

Proof of Theorem 15. II In what follows, ipxo.R is the weight function defined in (j5.3p . Remark that 
it has growth rate ^ = 1/2, and satisfies (|2.4p with c = 1 independently of and .tq £ K'^, R>1. 
1. First (and the key) step of the proof is the recurrent estimate 

H,,,2{At,Ll^^^^^{{)J-L\n)))<H^{A,,Ll^^^^^^^^ (n + ciln^ . (5.10) 

Indeed, let 



Thanks to Theorem [531 and invariance of Ae, we then deduce that, for some Xm S X and some k > 

Ai c \jB^a.{Xm;Wb^^iQ)). 



By Lemma [221 each of the latter balls can be covered so that 



Ha/2{BKa{^7n]Wb4,{Q)),Xb,4,{^xo,B.ia/2))) < Cq ^i? + Ci In ^ 



Finally, by Lemma [531 covering of Ae by Q:/2-balls in the Xb^ii){^xo,Ria/2)) scminorm is also covering 
by a/2-balls in the norm Lg,^^^ ^(0,^;L2(fj)). 



2. Choose eo > such that Hsg{At, Ll ^ (0, £; L'^{9.))) = 0. Given e e (0, £0), one picks fc e N such 



that 

<e< 2-'=+i£o. 
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Note that this means k < clnl/e, at least provided e is small enough. Then, using (|5.10p . one can 
estimate 

k 

< E ^2-'.„ (A, i?,^,^,, (0, £; L'im - H2-'+ieo (A, Ll^^^ jO, £; L\n))) 
1=1 

< E Co ( i? + ci In ■ 



1=1 



£0 



/ iV 1 

< Co ( i? + ciln- j In-. 
3. Finally, in view of Lipschitz continuity of e (Theorem 15. 2p and (|4.9p we conclude 

where k is the Lipschitz constant of the mapping e, which is independent of the particular weight 
function tpxo.R- This finishes the proof. I 

Remark 5.5. Recalling Remark 13.101 we point out that Theorem 15.11 can be extended to systems 
where the diffusion operator is the vector Laplacian —A and the nonlinear convective term h is 
replaced by h : x K™^"^ ^ R"* satisfying suitable generalizations of ([SJ]) and (|3.10|) . 
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